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Abstract -This paper proposes a design method of optimal
H, integral servo controller. The optimal H, integral
controller is to establish a way to find the admissible
controller such that the controlled plant is stabilized and
guarantee to track a constant reference signal while
minimizing the close-loop system H, norm from the
disturbance to the controlled output. In this paper the
derivative state constrained optimal H; integral servo
controller is proposed for oscillatory system with a constant
disturbance. This design method has the advantage that it
can be applied to reduce the vibration of the two-inertia
system. The effectiveness of proposed controller is
evaluated by experiments.

Keywords. Optimal controller, Integral servo, Torsional
vibration

1 INTRODUCTION

In sense of optimal control, the state feedback approaches
for a linear dynamical system which not only stabilizes but
also dampens the output responses of closed-loop system is
generally required [1]. It is also required that the output of a
system has no steady-state error for a desired input even if
the parameter variations or disturbances exist.

Consequently, the integral servo problem was initiated by H.

W. Smith and E. J. Davison [2], in which they proposed the
state and output integral feedback approaches by the
differential state transformations, and gave the feedback
control which contains a feed forward based on the
measurable disturbance by the affine transformation. In
addition, the optimal regulator control theory was primarily
proposed by R.E. Kalman [3] to minimize the quadratic
performance index of state variables and inputs. By using
the regulator theory, the design method of an optimal
tracking system by introducing the integral action for the
system was obtained and reported by T. Takeda and T.
Kitamori [4]. However, it is difficult to select the proper
values of the weighting matrices of performance index in
the optimal servo problem to mitigate under damped
responses of dynamic systems. Besides, the optimal H;
servo problem is to find the optimal control such that the
output tracks the desired trajectory, minimizing the tracking
error cost and state excitation cost in the sense of an
optimal H, control [5]-[6]. On the other hand, Anderson
and Moore [7] introduced an optimal controller with a

prescribed degree of stability affecting the locations of all
closed-loop poles. However, it does not necessarily reduce
the under damping of the closed-loop system. Recently, the
optimal H; control for oscillatory system minimizing a
performance criterion involved time derivatives of state
vector was formulated to mitigate the vibration responses
of dynamic systems [9]-[13].

In this paper, the theorem of the derivative state
constrained optimal H; integral servo controller is obtained
by the standard H, control framework [8]. The proposed
controller is applied to reduce the vibration of the two-
inertia system. The verification of the effectiveness of the
proposed controller to reduce the vibration responses and to
reject the constant disturbance is shown by experiments.

2  H:INTEGRAL SERVO PROBLEM

In order to obtain the optimal Hz integral servo controller,
the following controlled plant equations are given as

%x(t) = AX(t) + B,u(t) +d,, X(0) = X,,
y(t) = sz(t)1

@

where X(t) e R" , u@®)eR™ , d, R and y(t) e RP?
denote the state vector, the input vector, the constant
disturbance and the output vector, respectively. The integral

X, (t) e RP? of the error vector e(t)e RP? between the

reference input r(t) e RP? and controlled output y(t) is
defined as

X O=[e@dr, c®=rO-yO. @

Using Eq. (1) and Eq. (2), the augmented controlled plant is
then given by

dixt)y | | A O} x() N B, u) + d,
dt| x, (t)| |-C, O] x () 0 rey[ (3

B x(t)
y(t)=[C, O{x, (t)}
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In order to the steady state tracking error lime(t) should
t—ow

be vanished, the derivative augmented state vector defined
as x, (t) which should be vanished for approaching t — .
The derivative augmented system is given by combining of
the derivative state equation of Eg. (3) with design
parameter matrices as

d[x®] [ A ofx®] [B 0:0 0i0 0] B,].
PS): (a0 7|6, o) |0 s, o a0 00|50

C, 0 0 0 0

0 C 0 0 0
o T x(D) el ({3 e
2((t)y={0 O |:X|(t):|+ D, O {X’,(t)}r 0 |u(t))

0.0 0 Dy 0

0 0 0 o0 D,

{y(t)}z[cz 0}['5((0}[0 030 0§D21 0 }v‘v(t),
y, (t) 0 1] X(t) 0 00 0; 0 D,

(4)
where B;,B,,,C,,C,,,D,;,D,;,D;,,D,,and D,,, are
denoted the design parameter matrices. vy, (t) e R P2js added
to obtain the proposed integral servo controller.

The disturbance
WO =[O WO IO %O o W o] s
continuously differentiable in time. By definition of the

optimal H; integral servo problem, the augmented general
plant is given by

SO1LA S0 gy o
B(s): dt|x ()] [-C, o] x@®| 0 ©)

20)=6 *O |4 500
X, (1)

yO|_[C. o] x0 ], 5 )
v [0 1x®] 7

E—Bl 0: AD, 0:00
0 By {-C,Dy 0i0 0]

where

=

5 _[o 0:iC,Dy; 0 Dy o}
#7000 0 Dyi 0 Dyl
C, 0 0
0 0
C,=| DyA 0 |\Dy,=|DyB, |
- D1IC2 0 - 0
0 0 Dy,

Statement of Derivative State Constrained H; integral
servo problem:

Let r(t) denote the step reference vector. Derivative
State Constrained Optimal H; servo integral problem is to
find an admissible optimal integral controller such that the
controlled plants with augmented integrator is stabilized

and the output y(t) tracks the constant reference signal
r(t) while minimizing the H, norm of the closed-loop

transfer function with controlled plant from L[Ww(t)] to
L[z(t)] of P(s).

3 SOLUTION OF STATMENT

The solution to the derivative state constrained H, optimal
control defined above is given by the following procedure:

(i) Variable Linear transformation for the prescribed
degree of stability [7].

(i) Singular value decomposition and variable
transformation to obtain the standard H;
structure.

(iii) Hamilton matrix for obtaining the stabilizing
solution of the Hy optimal control problem.

3.1 Variable transformations

In order to consider the effect of the prescribed degree of
stability o to a controller, each vector variable is
exponentially weighted as follows.

{ () } _ ea{ X } | ©
X (t) X (t)
W(t) = e?wi(t),
7(t) =e“2(t), @
0 (t) =e®u(t),
[ ) } _ ea{ 0 } | @
y, () 0]

Hence, the generalized plant P,(s):shown in Eq. (9) after

applying the transformed vector variables Eq. (6)-Eq. (8) is
given by

d[f(t)}ﬂ A O}+al}[f(t)}+§1W(t)+{82}ﬁ(t)
P,(s): [MX O] [[-C. o] "X 0

< XM | < <
()= Cl[z (t)} Dy,U(t))

y(©) :[Cz 0} X0 |, 5 50
yo) Lo Hxe]
9)

The solution to the derivative state constrained H, optimal
control defined above is given by procedure (ii) and (iii).

3.2 Singular value decomposition

There always exist unitary matrices v, U ,, j =12 for the

singular value decomposition of D;, and D, ;



International Journal of Informatics Society, VOL.6, NO.2 (2014) 97-104

5 0 Tu _
D,, =u1{2 }/1, s, = . m, =dimi)]
' O-lmz
On =
< . t
D, :U2[0 22}\/12, Z,= P2+ Py _d|m|:§/((t)):|,
61P2+P2 I

where X, %, are the diagonal singular value matrices.
Using the results obtained above, the input and output
vectors as well as the generalized plant are accordingly
transformed as shown in the following.

The generalized plant can be obtained by using the
following variable transformations defined by

W(t) =V, W(t), (10)

2(t)=U,7(t), (11)

0(t) =V,= (), (12)
{ga>}:2;ug{ ya)}_ )
Y, (1) y, (D)

Substituting Eg. (10)-Eq. (13) into Eq. (9), then the
transformed generalized plant P, (S) : which is reduced to

the standard form of the H, control problem is then
obtained as

d{f“)}:ﬁ A o}ral }{ f((t)}r Boit) + B,d(t)
dt| %, (t) -C, 0 X (1) (14)
5 (- s A X0 | s
P.(s): 2(t) = Cl[);(l (t)} +Dpu(t)
P(t)}:c" P“)}lﬁ W(t)
j0] ol
where
él = V1V2’
. [B )
Bz =|: 02 }/12111
C,=U/C,,
C, O
C :Z—luT 2 ,
2 2 2 |: 0 |:|

I521 :Z£1U2T DZlVZ = [0 I]-

Suppose that the transformed generalized plant ﬁa(s) of
Eq. (14) satisfy the following relations:

(A1) H . 3}(1', 5, ézJ is stabilizable and
2

99

detectable.

(A2) Dy, and D,, have full rank.

A 0
(A3) { :|+6{|—j6()| B, | has full column
-C, 0

C’il Ile
rank for all .

has full row rank

0 . .
(A4) { O}-kal ~jol B
éz Ij21
forallw.

The first assumption (Al) is for the stabilizability of the
transformed generalized plant (14). The assumption (A2) is
sufficient to ensure the controller is proper. The assumption
(A3) and (A4) guarantee two Hamiltonian matrices belong
to dom(Ric).

3.3 Hamiltonian matrices

Under the above assumptions (Al)-(A4), the optimal H,
solution to the transformed generalized plant (14) is given
as follows;

A couple of Hamiltonian matrices are constituted as

A O s . ]
¢, o +al |-B,D,, C, -B,B,
H, = |
ATA L ATA A TA A 0 5 R TA
-C, C +C, D,D, C e o +al |-B,D, C
2
(15)
i T 1
A 0 5 oAT A A TA
+al |-B,D,C, -C, C,
-C, 0
J,= . )
5BT LRRTA RT A 0 A AT A
—-BB, +B,D,D,B; “Il-c. o +al |-BD,C,
2
(16)

Then, it is guaranteed that the solutions exist, which make
A 0 A a A 0 A
+al +B,F, and +al +L,C, stable.
-C, 0 -C, 0

From the couple of Riccati solutions,
X, =Ric(H,)>0,Y, =Ric(J,) >0, (17)

it is able to construct the following optimal solution

A 0
Ky, (5)=|[-C, 0

A

21 (@9

}+@e+g@

~

F, | 0
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to the transformed generalized plant (14), where
Fz = _(BT2X2 + DlZCl)’
Lz = —(YZC;- + BlD21'
The optimal control is then
P (5 1N S PR
U(t) = I:2 F = [FZX F2x, ] (19)

LM

A general control formulation with the derivative state
constrained optimal H, integral servo controller KHM is

given by the general configuration shown in Fig. 1.
Consequently, the assumptions supposed above (Al), (A2),
(A3) and (A4) can be reduced to the following expressions.

a(t)

Figure 1: Block diagram of the structure for closed-
loop system with equation (18).

Lemma: Suppose the system parameter matrix in
equation (14) satisfy the assumptions (Al), (A2), (A3) and
(A4), then following assumptions hold;

wr (8 3 (5] [5

detectable.

(I)D is stabilizable and

D 0
(A2 Dy, and { 021 } have full rank.
21

A . [B,
¢, of 1 |0

(A3) é 0 has full column rank for
' DlZ

allo.

o] . . 0
¢, o |0 B
(A4y 2 i has full row

C, 0 D,, O
0o 1 0 Dyy
rank for all .

Proof of Lemma: It is clearly shown that the optimal
solution for the transformed generalized plant (14) can be
obtained under the assumptions (A1)’-(A4)’by applying the
facts of the rank properties (A1)-(A4) [13].

4 MAIN RESULT

By integrating the transformed generalized plant (14) with
respect to time t with all initial values equal to zero, the
optimal servo controller is obtained by following theorem.
Thus, the optimal H servo control solution for the system
(14) is given by Eq. (18) of the theorem under the
assumptions (Al)’, (A2)’, (A3)’ and (A4)’. We have the
following main result.

Theorem (Derivative State Constrained Optimal H;
Integral Servo controller)

The derivative state constrained H, integral servo
controller for the controlled plant (5) is given as

A A 2 R e I |
Ku, O=||-C, o] |0 |[* 2|0 1 2a
0

FZa

(20)
under the assumptions (A1)’, (A2)’, (A3)’ and (A4)’, where

Fou =V12171F2 = —V12171V1T {[Bg O]XZ + DlzT él}'

T
Ly, = Lzzzflu 2T = —{YZ{COZ ﬂ + BlD21T }UZZZlUE ’

The optimal control is then

0
X, ()

Using Eg. (21), the optimal control law with integral
feedback is written by

u(t) = Fm{ :|' Fo = [_ Fou FZax, ] (1)

U(t) = ~Foor (D) + o I;e(t)dt _ 22)

This theorem can be proved as follow.

Proof: As the facts of the rank properties of the Lemma,
this immediately shows that the optimal solution (20) for
the generalized plant (5) implies the theorem under the
assumptions of (Al)’, (A2)’, (A3)’ and (A4)’. This
concludes the proof of the theorem. o
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5 OPIMAL FEEDBACK CONTROL AND
TRACKING ERROR

For using the feedback control (21), the optimal control
allows tracking of constant reference input in the infinity of
time.

U(t) = —FuX(t) + Fo, X, (1)

= [_ F2rz>( FZax :1: A 0:||:X(t):| + FZax r(t)
1-C, 0] x() !

Then from Eq. (1) and Eq. (23), we have
{X(t)}_{ | 0 }[ A o}{ X(t)}
u(t) —Foux Faw, ||-C, 0] X (1) (24)
0 " d, 0
+ Fone r(t) + 0 + CFd |

This of Eq. (24) approach zero as t — oo, then the all
steady-state variables are constant which is given by

xe)| [ A o] I 0
|:U(°°)j|_ -C, 0 _Fz;lx, L Fz;lx, ' (25)

[0 Jofal o)

This of Eq. (25) approach zero as t — oo, then the output
is tracked the reference input r(t) and does not effective the
disturbance as follow:

(23)

_ X()
v =[C, OL(@J

A o' 1 0
) [CZ 0{_ C2 0:| - FZ?:M FZax F23x| '
0 do 0
[|:F2ax| :|r(t) +|: 0 :|+{_ FZaxdo:D

0] [0
=[c, 0{_22 o} Mr(t)zr(t).

Then, the optimal control allows that the output is tracking
of constant reference input in the infinity of time while
rejecting the constant disturbance of Eq. (1).

(26)

6 EXPERIMENTAL RESULTS

A torsional vibration is occurred to the speed of motor by
connecting flexible shaft. The vibration is an impediment to
improve the characteristics of the two-inertia system. The
experimental results of the speed control of the two-inertia
system using the proposed controller will be shown to be
effective to suppressing the vibration in this section. A
structure of two-inertia system is shown in Fig. 2.
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Personal Computer
(CPU:2.13GHz,0S:Microsoft Windows xp)

12 Bit D-A Timer
PCI1-6103

Pulse Counter

Converter (PCI-6201E)

(PCI-3345A)

A

Driver of DC
Motor

(MS-100V10) ~ 2000[P/R] Flywheel
Fg Speed Sonsor 24V 80(W] Ts
24[V],80[W] DC Motor as £3
DC Motor Loaded Torque 58
(SS40E8) 90length[cm],3radiifmm] (SS40ES8) ~ &
Stiff Shaft

Figure 2: Structure of the two-inertia system.

In this system, two motors are connected by long shift
(90cm) with the spring constant of the shift. The left side of
motor is driving the right side of the load motor with the
shift. By using Newton’s second law, the linear dynamic
equation of the two-inertia system with constant

disturbance T, is represented by

dw
J "+F o =ut)+rz,,
m dt m~’m () d
daoy
JLF'F FLCOL =Ty _TL’ (27)
dzy

—K (0. -, ),
dt s(a)m a)L)

where J.,,J,,F,, F_ and K,are the inertia of motor, the

inertia of load, the friction of motor, friction of load and
spring constant of the shaft, respectively. For tracking
reference input, the integral x, (t) of the error vector e(t)

between the reference input r(t) and controlled output
o, (t)is defined as

X () = I(:e(r)dr, e(t) =r(t) —on (1) (28)

The parameters of the augmented controlled plant (3) is
given by

F./J, 0 /3, 0 1/,
A 0 -F /3, 113, 0 _ 0
K, - K, 0 o0 ? (I
-1 0 0 0 0
d.=-T,,C,=[L 0 0 0]
The state variables of Eg. (3) is given by,

X(t) = [0 (t) @ ) z4t) % @®] , where o, (t) denotes
the speed of motor at time t, o (t) denotes the speed of
load at time t, z4(t) represents the torque of shaft
and @, (t) denotes the disturbance torque. The numerical
values of J,,J,,K;are shown in Table 1. In the case of

the numerical values, the friction of motor, friction of load
and spring constant of the shaft are neglected, respectively.
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Table 1: Numerical values of two-inertia system.

3,[Kg-m?]
0.0866

J [Kg-m?] Ks[N/m]
0.0866 400

The designing parameters B;,B,,,C;,Cy;,Dy1,Dy4y, Dy Doy
and D,y inthe generalized plant of Eq. (4) are chosen as:

C, =B =diag[v10" 109 109
C,, = Bj, =[+/20000]
Dn:diag[\/ﬁ \/ﬁ \/ﬁ]

Diy = [\/ﬁ ] ! (29)
Dy, = [1]

{D“ 5 }=diag[\/0.01 J0.01]
21

where qi is the standard weighting parameter of C; and B;
and ni is the weighting parameter of D1 for reducing the
vibration.

By using the theorem of the main result, the feedback
control laws for ni= -12 and ni= -5.5 are given by Eq. (30)
and Eq. (31), respectively.

For ni=-12, the control law is obtained as:

X(t
u(t)=-[5.321 1.903 0.014 —141.366{5( ((t))} (30)
1
For ni=-5.5, the control law is obtained as:
X(t)
X (1)

Regarding o = 20as the prescribed degree of stability, the
variation of closed-loop poles when the parameter ni vary
from -9 to -2 is shown in Fig. 3. It is seen that the original
poles of the open-loop system locate on the imaginary axis.
It verifies that the pair of poles with imaginary part
approach to the real axis when the parameter ni becomes
large. It seems that the vibration of speed is reduced by
design parameter ni.

u(t) =—[20.805 —12.299 1.3053—123.289{ } (31)

100

B
;’f ni=-9
ni:*Q*ﬁr ni=-2
501 *
. N
< . 9 *
o) ni=-2 ©
s 0 * * €@ @0
'E,, ni=-2 O
£ e
= A
50} *
¥
ey @ M2
£ ni=9
.
R
100 . : . e
-250 -200 -150 -100 -50 0
Real Axis

Figure 3: Closed-loop poles location for varying
from ni=-9to ni=-2 and o =20.

In experimental results, it is shown that the effectiveness
of the controller can be reduced the vibration by the
parameter ni. The experimental results in shown in Fig. 4-
Fig. 6. In Figure 4, the oscillatory response occurred for
selecting the weak design parameter ni= -12 of Eq. (32).
However, the oscillatory response can be reduced for
selecting the design parameter ni= -5.5.

Dllzdiag[\/ﬁ Jeri et \/20000} (32)

©

ni=-55
ni=—12

~ o

>

w >

Input Torque[ % (1/3)[Nm/A]

. ol | i
it ‘] forfipinos]

0 500 1000 1500 2000 2500
Time[msec]

Figure 4: Responses of input torque of motor
for ni= -12 and ni=-5.5.

Figure 5 shows the close loop responses of this plant with
the feedback control gain of Eg. (30) and Eq. (31) for
setting the reference speed 2500[RPM], respectively.
Significantly, the output speed of motor is tracking the
reference speed with removed the torsional resonance by
the designing parameter ni=-5.5.

ni==5.5
ni=-12 |

~
o

IS
T

w
i
T

[N
T

Speed of Motor X 1000[RPM]

o
o

o

500 1000 1500 2000 2500
Time[msec]

o

Figure 5: Responses of speed of motor for
setting reference speed 2500[RPM]
when ni=-12 and ni=-5.5.

In order to confirm the rejection of disturbance, Figure. 6

show that the response of speed is recovered the steady
state when the load disturbance torque T [N-m]is applied

to the motor after driving steady state speed of motor.
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o

»
o
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T
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3
T

»
o

S
T

o
T

Speed of Motor X 1000 [RPM]

o
o

o

. : . :
500 7000 1500 2000 2500
Time[msec]

5)

Figure 6: Response of speed of motor for
applying the disturbance T, =0.142[N-m].

7 CONCLUSION

The optimal H, controller using derivative state
constrained optimal H, integral servo controller has been
proposed. The proposed controller is effective to reduce the
vibration responses of the controlled system by H: control
framework. It is recognized that the design parameter niof

matrix D,, can applied to the oscillation system with the

reference inputs as well as constant disturbance. The
experimental results have verified that the proposed
schemes can be effective to reduce the oscillation and to
mitigate the effect of the constant disturbance for the two-
inertia system. The optimal H, controller with derivative
state constraint will provide a method for improving
vibration by comparing with other optimal control methods
for future research.
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